Abstract. In this paper, we compare the two definitions of Bloch group, and survey the elements in Bloch group. We confirm the Lichtenbaum conjecture on the field Q(ζp) under the assumption the truth of the base of the Bloch group of Q(ζp) and the relations of K 2 group. We also study the Lichtenbaum conjecture on non-Galois fields. By PARI, we get some equations of the zeta functions on special values and the structure of tame kernel of these fields.
Introduction
The special values of zeta function of number fields are an interesting field in number theory. When we consider the residue of zeta function, there is a class number formula as following (1.1)
where R 1 is the Dirichlet regulator of the field F , ζ F (s) is the Dedekind's zeta function, w is the root number of unity and h is the class number. In order to generalize the formula (1.1) to higher K-theory, Borel [3] has introduced morphisms where r 1 (respectively r 2 ) is the number of real(respectively complex) places of F . Borel has proved that r(K 2m−1 (o F )) is a lattice of V m , so the rank of K 2m−1 (o F ) is d m . Let R m (F ) be a twisted version of the mth Borel regulator(see [4] ), the twisted regulator map r m being a map
modified by Borel [4] ), tries to interpret this rational factor and asks whether for all number fields and for any integer m ≥ 2 there is a relation of the form
For m = 2 and F totally-real abelian it has been proved (up to a power of 2) by Mazur and Wiles [14] as a consequence of their proof of the main conjecture of Iwasawa theory. In [12] , Kolster, Nguyen Quang Do and Fleckinger have proved a modified version of the conjecture (also up to a power of 2) for all abelian fields F and m ≥ 2. When m = 2, Bloch [2] suggested and D.Burns, R.de Jeu, H.Gangl [8] finally proved that Borel's regulator map can be given in terms of the Bloch-Wigner dilogarithm D 2 (z) as a map on the Bloch group B(F ). While for Bloch group, there exist two kinds of definitions, see [6] and [7] . In section 1, we compare the two definitions of Bloch of number field(Theorem2.1)and discuss the relations of elements in Bloch group. Let R 2 (F ) be the second dilogarithmic regulator(see [7] ), w 2 (F ) be the number of roots of unity in the compositum of all quadratic extensions of F . Then the Lichtenbaum conjecture can be read as follows
In section 2, assume two conjectures, we can prove the above version Lichtenbaum conjecture on the field Q(ζ p ). In sectoin 3, we get some fields which are not Galois. On these fields, we get some functional equations on zeta functions and the dilogarithm functions when s = 2 by comparing the numerical results. Using PARI, we get the structures of #K 2 (o F ).
The Blobh group
Let F be a field of char(
be a free abelian group generated by base [a] . We have a natural map
Let H be the subgroup generated by the elements
It is easy to check that H ⊆ ker ∂ and the Bloch group of F is defined to be B(F ) := ker ∂/H In Suslin's paper [16] , the Bloch group is defined by another form, we state it as follows. Let ϕ be a map
First, we have(see [16] ) 
Proof. Since
we have
where a, x, y ∈ F × . So, there exists the following inclusions
Another, we have I ⊆ H,we can show the inclusion from the generator:
By results in [16] ,we have
Then there is an exact sequence
Because 6(ker ϕ ∩ H)/I = 0, 2(ker ∂/ ker ϕ) = 0, we obtain that B(k) and B(k) are different by torsion. Tensor with Z[ 6 ] leads to get the isomorphism
The Bloch group are related with zeta function by Bloch-Wigner function. Now let us introduce the Bloch-Wigner function:
D(z) is real analytic on C \ {0, 1} and continuous at 0, 1. It satisfies that
where χ 3 is the primitive Dirichlet character with conductor 3. Similarly, we have
where χ 6 is the primitive Dirichlet character with conductor 6.
On the other hand, we have
By(2.5),(2.6) and (2.7), we have
2 . This relation can be reflected onto the elements of Bloch group. In fact, we have the following result
). Now, we show how to get it. Because (1 + ζ 5 + ζ 
It is easy to see that w 2 (F ) = 120. Assuming dilogarithmic lattice Λ in R 2 generated by the vectors
is full lattice, where
Substituting the above numerical data we get #K 2 (O F ) = 1. It is proven in [20] that #K 2 (O F ) = 1.
Special value of zeta function of Q(ζ p )
Now, we want to study the Lichtenbaum conjecture on the special value of zeta function at −1 in the case F = Q(ζ p ), where p be an odd prime number, ζ p be a primitive root of unity. It is easy to see that p[ζ 
|L(χ, 2)|,
where χ is the character of the group (Z/p) * .
Proof. According to [12] P.713, we have
where D 2 (z) = n≥1 z n n 2 , χ is the character of the group (Z/p) * . On the other hand, by [11] P.12, we get
By the definition of g(χ) in [11] and the property of Gauss sum, we get|g(χ −1 )| = p |L(χ, 2)|.
2 is the free part of Bloch group of B(Q(ζ p )).
Another conjecture is related with the K 2 groups of the algebraic integers of Q(ζ p ) and Q(ζ p ) + , which denotes the maximal real subfield of Q(ζ p ). Then we have the following conjecture.
Conjecture 2 There is a natural exact sequence of
and the order of ker ψ is 2
Remark 3.2. Conjecture 2 is true for p = 3, 5. For p = 3, it is easy to check that this case is true. For p = 5, by [20] we know K 2 (O F ) = 0. Since #K 2 (O F + ) = 4, we get Conjecture 2 holds for p = 5.
Theorem 3.3. Assuming the above two conjecture, the zeta function of F = Q(ζ p ) has the following equation
Proof. In [2] , Bloch has calculated that
χodd char.
where
))| to be the second regulator, where σ i is the complex places, ε j is the base of Bloch group B(F ),1 ≤ i, j ≤ r 2 . By Conjecture 1, R 2 (F ) = R is the second regulator of F = Q(ζ p ). So, we have
|L(χ, 2)|
The absolute value of discriminant of F is |d F | = p p−2 . Decomposing the zeta function ζ F (s) into the Dirichlet L-function, and taking use of the fact ζ F + (s) = χeven char. L(χ, s), we have
L(χ, s).
Using (3.5),(3.6), Γ * (−1) = 1 and the function equation of ζ F (s), we get that
Using the function equation of ζ F + (s) and |Γ(− |d
In fact, By the Theorem 3.11 in [18] , we obtain that
. So, from (3.9), we get [19] has proved that the Birch-Tate conjecture is true for the abelian totally real field. So, for F + we have
The method of calculating the number w 2 (F ) can be found in Weibel paper [17] . For Q(ζ p ), we get that
Hence, from (3.10),(3.11) and (3.12), we get
By Conjecture 2, we know the Lichtenbaum conjecture is true for Q(ζ p ).
Remark3.4 Professor T.Nguyen Quang Do has recently told us that the Lichtenbaum conjecture has now been proved in full generality for abelian fields (see the literature [9] Chapter 9). We are grateful for his account of the status of the Lichtenbaum conjecture.
Lichtenbaum conjecture on non-Galois fields
Suppose F is a number field with r 2 (F ) = 1, then the free part of B(F ) is Z module of rank 1. In this section, we list some fields F with r 2 (F ) = 1. The elements of Bloch group B(F ) are constructed in a flexible way. Assume the base of Bloch group and the Lichtenbaum conjecture, we get a conjectural order of the K 2 group of O F .
In [10] P.250, there is a theorem about the special value of Dedekind zeta function at 2 and the Borel regulator,which states as following Theorem 4.1. Let ζ F (s) be the Dedekind zeta function of F . Then there exist
where 1 ≤ i, j ≤ r 2 and q is some rational number.
Using PARI, we find the equations between the special values of zeta function at 2 and the dilogarithm functions. These equations are expected to be given a proof. Using the computing programm in [1] , we compute that all the K-groups are confirmed with the conjectural order and give their structures. We get that x 3 +x 2 +x+2 = 0. Let α be a root of this equation. Then r 2 (Q(α)) = 1 and we can assume Q(α) is complex. Now we claim that 
By Proposition 20,22 in [17] , we know w 2 (F ) = 24; By PARI, we find d F = −83. At last, we get
Using PARI, we get
Moreover, we get the equation as follows by the numerical method ζ F (2) = 8π
Example 4.3. Consider the equations as follows
We get that x 3 − x 2 − x + 2 = 0. Let α be its complex root and F = Q(α). Then we know r 1 (F ) = r 2 (F ) = 1 and we claim that −[
Computing by PARI, we get that
And we have w 2 (F ) = 24. Assuming the Lichtenbaum conjecture and θ the base of B(F ), then we have 
We have x 3 − x + 2 = 0. Let α be complex root of it, we have r 2 (Q(α)) = 1. Then,
By PARI, we obtain
Assuming Lichtenbaum conjecture and θ being the base of B(F ), since w 2 (F ) = 24, we have 
